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INTRODUCTION
In this note, we study the regularity properties of sample paths of
 -chaos processes. -chaos was introduced by Blei Bl in an attempt to
generalize the notion of Brownian motion. Brownian motion process is an
example of 1-chaos, while Wiener’s homogeneous chaos of order k, k a
 Ž .positive integer, is an example of k-chaos W, Mc, Bl, Remark 4.2 1 . A
k-fold tensor product of k distinct statistically independent Gaussian
variables is known as Gaussian chaos of order k. The parameter  in the
stochastic process is a measurement of independence: a greater  mea-
   sures increased interdependencies. We refer the reader to Bl and BlK
for more details on -system and -chaos. Conditions on regularity of
sample paths of random Fourier series randomized by an -system have
 previously been obtained. Blei has proved Bl, Thm. 3.6 that the sample
 paths of every -chaos are almost surely continuous. Towghi T, Thm. 4.1
1has shown that these sample paths are in the Lipschitz class  for aa 2
almost surely, and consequently of bounded p-variation for p 2 almost
surely. We are interested in membership of the sample paths in the class
of functions of bounded p-variation for p 2. Using the extended
682
0022-247X01 $35.00
 2001 Elsevier Science
All rights reserved.
NOTE 683
Rademacher functions, we show that obtaining conditions for the sample
paths of an -system to be irregular on a set of any fixed measure is not
possible. Nonetheless, we can obtain some positive results about irregulari-
ties of these sample paths for specific systems.
Ž .  4For , P a probability space, an orthonormal system X X , jN,j
2Ž .of scalar random variables in L , P is a sub--system if there exists a
constant A such that, for any positive integer n and any sequence ofX
Ž .scalars a a , a , . . . , a ,1 2 n
1pp
n
2  E a X  A p aÝ 2j j X½ 5
j1
for all p 2. X is said to be an -system if it is a sub--system but it fails
 to be a sub--system for any   . It is known Bl that, for any -chaos
 4X, there exists an -system X such thatn
Xn 2 i ntX t  X 0  X t	 e .Ž . Ž . Ý0 2 i nn0
Conversely, every -system gives rise to the corresponding -chaos given
by this series. In this note, we show that the sample paths of a random
Fourier series randomized by an -system fail to be of bounded p
1variations BV , p 2, and consequently fail to be in  for a
 on ap a 2
set of positive measure. Using that, we show that the sample paths of
Gaussian k-chaos are not in BV , p 2, on a set of measure bigger thanp
k  e . We do not know if this estimate is sharp. We refer the reader to K
 and MP for more information about random Fourier series. Our results
use the following:
Ž .THEOREM A M, Thm. 8.9 . If f BV  for some 0 a 1 andp a
ap  Ž .  Ž . p 2,  2, and 	 1  a	 1 , then Ý c f n conerges.n1 n2
SAMPLE PATHS OF -CHAOS PROCESSES
Ž .In this section, we study the sample paths t X , t of an -chaos X.
Our example uses the extended Rademacher functions.
PROPOSITION 1. For each 0 	 1 and k
 1, there exists a probability
space , a subset A of  with measure at least 1 	 , and a k-system
Ž .X , X , . . . , X , . . . such that X   0 for  A.1 2 n n
Proof. We prove the theorem only for the case k 1; the proof is
similar for general k. We will use the Rademachers and their products to
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construct such sets. Let us point out that if we use the set of Rademachers,
then the constant A in the definition of an -system can be taken to beX
1  412. Fix a positive number m such that  	 . Let r be the usual set ofjm
   Rademacher functions on the interval 0, 1 . Consider the space 0, m with
dxthe normalized Lebesgue measure dm . Extend the definition ofm
 Rademacher functions to the interval 0, m by defining them to be equal
 to 0 on 1, m and adjust them so they remain orthonormal in the space
2Ž  .L 0, m , dm . That is, for each positive integer j, let
m  r   mr  if  0, 1 ,Ž . Ž .j j
  0 if  1, m .
Because the Rademachers form a 1-system, we obtain
121 pn m
m 12  a r  p a ,Ý 2j j 2j1 p
Ž . 121 pfor any sequence of scalars a a , a , . . . , a . Since m 21 2 n
 m4m2, we see that X r is a 1-system with A  m2 and thisj X
system satisfies the conclusions of the theorem. For any integer k, by
extending k-fold products of distinct Rademachers, we can construct
k-systems which vanish identically on a set of measure arbitrarily close to
1. Finally, for general k, we can extend the k-dimensional fractional sets
constructed by Blei using tensor products of the Rademachers and obtain
similar results.
COROLLARY 2. For each 0 	 1 and 
 1, there exists an -chaos
whose sample paths are identically equal to zero on a set of measure at least
1 	 .
The following result suggests that the measure of the set of irregularities
of sample paths of a random Fourier series randomized by an -system
depends on the value of the constant A which appears in the definitionX
of such systems.
 4THEOREM 3. For an arbitrary -system X , the sample paths of an
Ž . Ž Ž . . i ntrandom Fourier series gien by F , t Ý X  n e fail to be BV ,n n p
1p 2, and consequently Lipschitz of order 
 , on a set of positie measure.2
The measure of that set is at least equal to
Ž .q q12sup A 2 q ,Ž .X
where the supremum is taken oer all q 1.
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Proof. The idea is to apply Theorem A to this random Fourier series in
order to show that these sample paths are not in BV , p 2, on a set ofp
Ž .positive measure. If F 
, t  BV , p 2, an application of Theorem Ap
with  2 and  1 shows that the series
 2 Xj
 . 1Ž .Ý jj1
For arbitrary n, m, let
m 2 m X 1j
c  E  .Ý Ýn , m ž /j jjn jn
 m   2 4If we denote S Ý X j
 1 , thenjn j
m 2 m 2   X Xj j
c  dP	 dPÝ ÝH Hn , m
cj jS Sjn jn
m 1 2  X dP	 1. 2Ž .Ý H jj Sjn
Using Holder’s inequality, for any p and q conjugate exponents, we¨
estimate
1q
1p2 2 q   X dP P S X dP . 3Ž . Ž .H Hj j
S S
From the definition of an -system, we have the estimate on the integral
Ž .on the right-hand side of 3 :
q2 q 2 q E X  A 2 q .Ž .ž /j X
Ž . Ž .From 2 and 3 , we obtain
1p 2c  c P S A 2 q 	 1.Ž . Ž .n , m n , m X
In other words,
p 2m  1 1 Xj  P 
 1 .Ý 2 2ž / ž /jA 2 q c A 2 qŽ . Ž . jnX n , m X
We now take the limit as m  and note that c   to obtainn, m
Ž .q q1 2  1 Xj P 
 1 .Ý2ž / ž /jA 2 qŽ . jnX
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Recall that q was arbitrary, so we take the supremum in the inequality
   2above. Thus the series Ý X j diverges on a set of measure biggerj1 j
 2 Ž . qŽq1. Ž .than sup A 2 q . By 1 , we conclude that the sample paths ofX
the random series randomized by the -system X are not in BV , p 2,p
 2 Ž . qŽq1.on a set of measure bigger than sup A 2 q , with the supre-X
mum being taken over all q 1. Thus the theorem is proved.
 4COROLLARY 4. If X is an -system of independent random ariables,n
Ž .then the sample paths of a random Fourier series gien by F , t 
Ž Ž . . i ntÝ X  n e almost surely fail to be BV , p 2.n n p
This follows from Theorem 3 and Kolmogorov’s zero-one law.
We end this section by giving a partial result for Gaussian chaos of
 4order k. Let X X be an independent sequence of standard Gaussiann
random variables. A direct computation using the joint densities of the
sequence of independent Gaussian random variables shows that X is a
1-system and the constant A  12. The corresponding constant for theX
Ž .kGaussian chaos of order k is equal to 12 . The following result follows
immediately from Theorem 3.
 4THEOREM 5. Suppose that X X is Gaussian chaos of order k, wheren
k
 1 is a positie integer. Then the sample paths of a random Fourier series
Ž Ž . . i ntgien by Ý X  n e fail to be BV , p 2, and consequently Lipschitzn n p
1 kof order 
 , on a set of measure at least e .2
Remark. Theorem 5 is, of course, true for k 1; however, for this case,
we have a better result given by Corollary 4. Thus we question whether
Theorem 5 can be improved; that is, can the measure of the set discussed
in Theorem 5 be equal to 1?
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